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Chapter 8. Root Locus Technique

Things to know

The definition of root locus

How to sketch the root locus

How to use the root locus to find the poles of a
closed-loop system

How to use the root locus to design a parameter value
to meet a transient response specification
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Cji\ Pusan National University

€ Chapter Objectives
* The definition of root locus

Forward * How to sketch the root locus

. transfer
Actuating function

Input signal Output

R(s) + E (s) C(s)
—»@—— KG(s)

* How to use the root locus

.
R(s) KG(s) C(s)
_— . — |—
1 + KG(s)H(s)
H(s) [
Feedback
transfer
function
(@) (b)

Figure 8.1
a. Closed-loop system;
b. equivalent transfer function
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: Actuating function
Input signal Output

R(s) + E (s) C(s)
4>®—> KG(s)

—4

)

R(s) KG(s) C(s)
1 + KG(s)H(s)

H(s) [
Feedback
transfer
G(S) — K NG (S) ’ H (S) — NH (S) function
D (s) Dy, (5) @ ®

KG(S) B KN, (s)D, ()

M7 T KGOHE ~ Da(9)Da(5)+ KNy (N, (9

Characteristic Equations
D5 (s)D,, (s) + KNg ()N, (s) =0
K: 00— stability?
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S=o0+ jo=MZL0O

(5+12))

F(s) = 422
[(s+p))

Jj.:].

i=1

F(s)=(s+a)=(c+a)+ jw

m
_[numerator's complex factors

j=1

n
1_ denominator's complex factors

Jjo
|
s-plane
Jo -
M
0 L g
o
(@)
Jo
|
s-plane
oA
~u o
(©)

Figure 8.2 Vector representation of complex numbers:

a.s = o+t jw
b. (s + a);

c. alternate representation of (s + a);

d. (S + 7)|S—>5+/2
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Jjo
|
s-plane
Jo -
o
o+a
(b)
Jj@
|
s-plane
J2 [ —
_O/ ] -
-7 5
(d)
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;) m m [TGs+z) []re
[ Jzerolengths  |(s +2))] F(s) =L —dd Mo
VEE! _ i [I6+p) []re’
I [ pole lengths H‘(s+ pj)‘ . a
j=1 j=1
m m Jjo
6 => zeroangles— > pole angles =Y ~(s+z,)- > Z(s+p;) A
i=1 i=1
] J4
Ex) 8.1 Find F(s)= (s+1) at the points =-3+ j4
s(s+2) 4 j3  s-plane
(5 +1) J20./116.6°
") =52 " 5./126.9° x\[17./104.0° ©
s(s+ )S:_:,,H.4 £126.9° x £104, (s+ 1)

(s +2) 171
M6 :@4(116.60—126.90—104.00) & \
517 O

- 0.2174(—114.30)

|
-3 -2 -1 0

Figure 8.3 Vector representation of Eq. (8.7) |
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Courtesy of ParkerVision.

8.2 Defining the Root Locus

Figure 8.4
a. CameraMan®

Presenter Camera System automatically

. . Subject’s Motor Camera
follows a subject who wears infrared position  Sensors  Amplifier and camera position
sensors on their front and back (the R 3 K S(flo) “©
front sensor is also a microphone); B
tracking ®
commands and audio are relayed to
CameraMan via a radio frequency link T e

. . s<+ 10s +
from a unit worn by the subject. ——

. where K = K 1K,
b. block diagram. ©

c. closed-loop transfer function.
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/ “/. p X

fe -

2 W ST I

2=

A "tiv. = !
DNA g -

D(s) =s°+10s+K =0, s,,=-5++25-K o
K=50X%X BRE
Table 8.1 Pole location as a function of spime 0%
gain for the system of Figure 8.4 30X
K=0 5 1015 20 25 20 15 10 5 _61=§
K Pole 1 Polez —10 —9 —8 —7 —6 —5 —4 -3 —2 —1 | (ijl
0 10 0 0% 12,
5 —9.47 —0.53 K=50X ~ 75
10 -8.87 -1.13 @
15 816 ~184 | o
20 _724 _276 K =50 -1J5
25 -5 -5 s-plane 0 {4
30 5404 ~5- 0.4
3 SER16 5-B16 © i
I Ry 5B g sogea | zous s lii
45 -5 _|_]447 -5 _]447 To o -8 —7 -6 -5 —4 -3 -2 -1 ] 2,- )
50 545 55 o
Figure 8.5 A

a. Pole plot from Table 8.1;
b. root locus
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8.3 Properties of the Root Locus

B KG(s)
1+ KG(s)H (s)

T(s)

The characteristic polynomial in the denominator

KG(s)H (s) = -1 = 1./(2k +1)180°

IKG(s)H(s)| =1
/KG(s)H (s) = (2k +1)180°

. L
IG(s)H (s)

Forward

) transfer
Actuating .
. S function
Input signal

R(s) + E (s)
————»@?&————» KG(s)

—A

Output
C(s)

H(s)

Feedback
transfer
function

(a)

A

k=0, £1, £2, £3,....

R(s)

KG(s) C(s)

1 + KG(s)H(s)

(5)
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KG(S)H(S) _ K(s+3)(s+4)
(5+1)(s+2) R(s)+ R K(s +3)(s + 4) C(s)
— -
T(s) = K(s+3)(s +4) X (s +1)(s +2)
1+ K)s2 + (3+ TK)s + (2+12K) T
Consider the point —2 + j3 of a closed loop pole for some value of gain. (@)
0,+0, -0, 6, =56.31° + 71.57° — 90° —108.43° f‘w
= —70.55° MetA test & (-2+j3)2 Root
locus 42| 0| Ot s-plane
s-plane 173 -4 -3 -2 -1
(b)
Figure 8.6
. a. Example system;
b. pole—-zero plot of G (s)
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8.4 Sketching the Root Locus

» 2 =Y (root locus method)
S—HHAMY H=Z MEetro 2 M) HE=2 TAGHL 0| 28 2 H
HO| BHXINIA AIAE! THet0|E KE OUIA o)t K| BigtAIZ el HIF
EHYUAMAO Z2(HZE 2 AX)E s—THAN &HTd6l 2OtL=
e BSR4
=> 19483 W. R. Evans(24,25)01l 2al A H
KG Forw?rd
S Actuating trans‘er
T (S) = ( ) Input signalL function OL{tput
1+ KG (S)H (S) R(s) +X E (s) KGs) )
In the characteristic polynomial in w0 [ xew  |co_
1+ KG(s)H(s)
the denominator o L.
[KG(s)H (s)| =1 Fecu
function
ZKG(s)H (s) = (2k +1)180° @ @
Closed loop control system
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b l e
i == | /oA
A= ‘
o

R T1E Ll

-

> 9 SS9 Ao A 2de] e A =)

KG(s) = K bies 1o
s(s+2) |
*A=2 11
K |
T(s) = E::=n:1 K= LKISJ
( ) Sz + 25 ‘I‘ K -2 -1 Gi
s°+25+K =0 :rh’=2 -1
s, =—1+1-K, s, =—1-J1_K [*= |-

IKG(s)| =1 (@)

ZKG(s) = (2k +1)180°
b HIEASIA AIARS 2R RCY
IKG(s)| =1
/KG(s)=k360° , k=0,+1 +2,

A| ¥ KG(s)=

Chapter 8

(b}

o] ZAHAE

5(s+2)
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=)
¢ AN By

1. Number of branches
HEX 289 Jli==2 2A&E2 =~

AL —

T —

L.

2. Starting and ending points of root locus

2AFS K=0Y I H2Z =2
&0l SABHCY.
N(s)

Ol KG(s)=K D(s)

1+ KG(s)=0

)K=02 I SHYZ
=> G(s)2 330
i) K= °°O|E D(S)E SUA

—,

S0lA SESHH K=o M W=

2 mH=X

II:|

KAl A

Ho| SHuFAL

D(s) =0

=> N(S)z
| SHEEA 2
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37 Real — Axis Segments(&=F4&t2 2 A=A

g4 => 1 2201 2AR0| =
®A => 2ROl EMGHA LS

G(S1)9—| 2|4t ZG‘(Sl) - Z(51_21) + 4(31_22) - 4(51_ pl) - Z(51_ pz) - 4(81_ ps)

(pr~2, AtOI) =0 +0" ~180" —0' —0" =180’ o
G(s,) 2 14t (z,~p, AFOI) t
ZG(Sz) — Z(52_21) + Z(32_22) - 4(32_ pl) - Z(Sz_pz) - Z(52_ ps)

=180 +0 -180 -0 -0 =0

il = — O — T
ps 2 p: a g b 0
K(s—2z)(s-12,) =
G(s) = 1 2 O] AlAZTEAIO| A
G- p)G-p)s-py — =TS AR
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4. Symmetry: ZHE LT (&L
2422 BUZOZA 51422 20| A4+=0 U3 HHO0I2Z 2HF
T A &==0| totd tHEO0ILH

5. Behavior at infinity: 282 21& 2 ¥ Xl

s)t o2 H2& [ 2HES 82 4&(asymptote)2 %=L,
NBZ Z2HO It nJHOI2 B SEHO| JH==IF mIHQ! AIAE A
A=) 0|1B= 262 245 a

a:(2K+1)180 K0 4142 ..
N—m
AeFAAN B28=0| 20/= &I
MK SAE Ac n m
P — 2%
= -1
A: N—mMm
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/%
;“ | == ¥
= i-l{i-‘l !\
2= =28
\ s

UGHTLD ¢

LW

TMB

Mo — na = (2k +1)180°

SO =

ez, Z;ep, = (2k +1)180°
]=

(2k +1) 180°

n-m

T(s)=

k=012, ...

KG(S)

[16-2)

_ =t

1+ KG(s)H(s) ll[(s_ o)
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(S=p)(S—=py)(s=p,)+K(s=2)(s-72,)---(s - Z,)

= (s—p{)(s—p5)--(s— PP =5"— D p{s" 4 pyps ey =

s"+a Ss""+---+as+a, +K(s"+b s™
gtetn > m+1 0/H, K gt0fl 23 810

le.

=2

ror

+---+bs+Db,)=0

>

T8t %n% HIHO 2 JH—?-Em 2™o| 8t YA B J__”“__(s_zj) ﬁ@_zj)
p = z. =—b Gc(s):iimo‘n‘—~}!|m
= ,Z;‘ ’ ' _ (s—p.) (s—A)" ”‘H(s—z)
012 20/n>m+1 0|8 HEZ 2

o SAE A= Kak01| et HotAl .,4001

>

e
Il
=)
I
3
>
+
.MB
N
M
o)
I
[

j=1 i=1 n—m .
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‘f‘%l Yl
= I
o l'-“i':l ;.
= o &\
Al—= ‘
s
s
‘ﬂ.’i ;

(2K +1)180° (2K +1)180°

a = +90°
n—m 2—-0
LIS LN
A= =-1
A n—m 2 0

O 4.5 AIAE G(s)2 2AFLE
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Ex. 8.2 Sketch the root locus for the system shown in Fig. 8.11

K(s+3)
s(s+ 1)s+2)s+4)

R(s) +

C(s)

Figure 8.11 System for Example 8.2

o= (ZKZDllSO ~60°, 180°, 300°
B — 2.4
.AC:; 2% (12-4-(9_ 4

nN—m 4-1 3

Chapter 8

. Root Locus Techniques

18/33




Pusan National University

). Measurement & Control Lab.

s-plane

Asymptote /|

W X

Asymptote \

Figure 8.12
Root locus and asymptotes
for the system of Figure 8.11
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\A [l
6. Real-Axis Break—away and Break—in Points: &J|& ¥ X
S Z2AH0| A4+=FE ML= 0|23 (break—away point) 1t
C &6l 23 & (break—in point)2 £21& 0|2t §tC.
I EUANC Ket2 =S4 0A2 2UE0| 22 SHBEAS K=
f(s) Ale g HEs U8 dK/ds =02 201 EJ|&0| = Ct.
K =0 = K =
s(s+2) S(s+2)

1+

-1 K D) dK _ab-ab
a(s)  ds a’

K=-5(s+2) :>OC|I—K=—(23+2)=O Ss=-1
S

7. The jw—Axis Crossings: ol=F12| W XIS
ZAEO| sl=F WXols =22 AlAEQ oHE D T &= L HA.
LSt Routh A& THEY = 0|E0IH |19 & gt &8 =& §

1+ KG(Jjw) =Re(jw) +Im( jw) =0
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[0 Al 4.2] HBE MEES G(s)e 2AEUNAM d1x==0e WwxtE 1 0
Ol A|IAE! TI2H0| Y Kgtea?
G(s) A

" s(s+3)(s+5)

Ol AlAEIS SHBFA

Ct

0I0

ot 2L,

0

S(s+3)(s+5)+K=0 =5’+85°+155+K =0

satll jw S CHotH,
(jo)’ +8(jw)’ +15(jow) + K =—B8a° — K) + jo(15—0*) =0
(8w —K)=0 3} w(15-w?) =0 °] A Hxojo} &
~K=80’>0, w=+/15 o]|B.=
- K =120
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& sIF 2ARAC H0| ZII| Aol
0,-0,—0=(2k+1)180

F2 2AS

M a2
0,£1 £

EZ0A, =8 (-1+41)0AH 2AEH2 S22

k=

¢=180 -6, +6,=180 -90 +45 =135
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C

AA-NT MALNES

OI=olH &&

o

K(s+1z)

= Jaar
(S+P)(s+ p,)(s + p;) }
e = P L =’

4.7 2A-d3 dAHES 0186t £ e 2AZT LS 0
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|
S /-'/

4.4 2AR =T G
[OIRl 4.3] HEZ L2 G- CHD o yrgo 2A=RS?
s*(s +2)
| HE2Z SHAYFEAMO YRS 98 Y=
1+ K+ o
s°(s+2)
2. s-HOIAN HEZ 2D XS HIXIBHCH
ok B
3. Ala= A0 RS JRIC
o = : -
-2 -1 0 ]
O 4.8 G(s)=% o] 2N

Chapter 8. Root Locus Techniques 24/33




/srecyy  Pusan National University
¥3)i., Measurement & Control Lab.

2= o Ol
o (2k+1)180’
Nn—m
o =190

LI
'-/Ah: =1 J=1

n—m

_2=CED_ 45
3_1
—

K 1
08 4.10 GO = ol SARHE
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_ K Ol A|AEIO] AP
[GIl Kl 4.4] G(s) eiD6TD) o ANAEIS| 2HIH

1+ K
s(s+1D(s+2)
2. s-HPNM WD & U AF, 4= 4o 2 X
T
= _,i 0! e (T
K A== A
18 4.11 G(s9)= D612 o =40 Z2HA
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);
H
m
A=)
|
Ol

Al X A\DOI P Pl

a =*+60°,180° o

gl 4.126(3)_ K o M2
Al s(s+1)(s+2)
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AN
= ey s
7 = LI 2 A
A=
N

]
NG : - '/
-

~Tlsy 4

I

e

—
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4. 2J182 #Xl

K=—s(s+1)(s+2)8 018l _1<s<0 SH0A Kzgtol

ZI UL &El=s dt2 Z=0

, dK = 02=2FH 2AE2 0|8 s =-0.423

i

5. 6112 WXES F&tC
1

=0
jJo(Jo+D(jw+2)
(K-30")+ j(2ow-0") =0
f? Al 2 BtSole i+ w2t AIAE THEH0IH Ke

2,

2\
I

6

&
I
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- ]

2 _ K o] QA A
j.t:i 4.13 G(s) s(s+1)(s+2) —-I |_;!“—||_E
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[d]A] 4.5] MEZ AGTS G(s) = K o 2#A?
s(s+4)(s* +8s +32)
1. HFZ SRS ZAZS A i FE|E A%
1+K 1

G A4+ A +a—18)

=AM 2HEE2 s =012 s =-4 AHO| 0l X 8tCY.

22 245 o=, 32462 SAE Ac

a=(2k+1)180 k=0,+1,+2 .. =2 =445 +135
NnN—m

A =-12/4=-3
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)
5. 20182 AXI: K = —s(s+4)(s+4+j4)(s+4-j4)
dK o
£ -0 ozE 2ANS 0120l s = -1.580 US

6. o102 WXtA: Routh HHE OI=
S(S+4)(s* +8s+32) + K =s* +125° +64s° +1285s+ K =0

Routh HHE: s*| 1 64 K
12x 64 -128

° |12 128 o] 7|1A, b = T =53.33
53.33x128 -12K
s | b K C, =
53.33
e
| K

c; = 02 WS Kgk: K=569
b,s?+ K=0-——> ZHAZ o] FF4d A< W w=3.25
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7. 2A3E pl10IAS EL2t0,?

6,+90° +90° +135 =180° =& 9 =-135

{a) (b}

G(s)

_ o] ZHAAME
(s +4)(s* +8s+32) ° B
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) Ex. 8.7 Sketch the root locus
Sol)

1. Poles: -2, -4 Zeros: 2tj4

2. Asymptotes: S1S(*.* N =m)
3. Break—away Point

sl + X} .l'..'nl-.'I dx + )
- -
.i (x+ 2Wx + 4)

{dr)

K(s® —4s+ 20) (s+2)(s+4)_ (s°+6s ‘u
+ =0 = K=- =— 7,
(s+2)(s +4) s*—4s+20 s* —4s4 f,/ \ o
_ K (7 —4s+20)(25+6) - (25-4)(s°+65+8) _ ,
ds (s® —4s + 20)° - -'
1‘(l ny 3 | 1 |
.5 =-2.88 -.1
4. The jw—Axis Crossings \
\\H 1
K((Ja)) —4jo+20) _ ~ 2 pa
®)° +6jo+8 ‘T °
(jo)" +6] ) Figure 8.19
—(K +1)@° +20K +8+ jo(6 —4K) =0 a. System for
Example 8.7,

. K=15 w=%)3.9

b. root locus sketch
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